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0/t the ORBITS in nvhicb BODIES revolve^ being aBed upon by 
a CENTRIPETAL FORCE varying as any FUNCTION of 
the DISTANCE, when thofe ORBITS have TWO APSIDES. 
By the Rrv. J. BRINKLEY, ^. M. ANDREWS Profejfor of 
Ajironomy in the Univerfity of Dublin, 



HE inveftigation of orbits defcribed by bodies aded npon by Read March 



any centripetal force whatever is reduced by Sir Ifaac Newton to 
the quadrature of curves (8 fed. lib. i. Princip.) The quadra- 
ture of fuch curves as arife from the application of his method can 
only in few inftances be completely accompliihed. A portion of 
the area of any curve may be eafily found by a converging feries, 
but not fo the whole area. To approximate to the whole area is 
in moft cafes very difficult ; and hitherto the orbits have been 
inveftigated for very few laws of force. By the method 
here propofed it is fhewn, that when the orbit has two 
apfides, that whatever be the fundion of the diftance which ex- 
preffes the law of the centripetal force, the orbit may be deter- 
mined by a feries of fines of multiple arcs converging by the 
powers of the excentricity. From hence the angle between the 
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apilcles is immediately determined, which is one of the moft intc- 
refting refults of this method. For we have not only all that is 
determined in the laft proportion of the 9th fedion of the Prin- 
cipia, but alfo the motion of the aplides for excentric orbits. 
The method in the 9th fedion gives only the limit of the mo- 
tion of the apfides. It cannot be applied to find the motion in ex- 
centric orbits ; which muft in fome meafure be confidered as a 
defed. The limit of the motion of the apfid is never required, for 
then the orbit is a circle; but the motion before it has arrived at 
its limit. The motion indeed approximates indefinitely to 
the limit, but this is not fo evident from the method of Newton ; 
we know from that only the limit, and nothing of its antecedent 
ftate. It muft not be underflood, that it is here intended to ob- 
jed to the truth of the reafoning in the 9th fedion j the ingenuity 
there fhewn by the illuilrious author is truly admirable, and is 
perhaps in no part of the Principia more ftriking. His pe- 
netrating mind, doubtlefs, faw at once the full force of that 
reafoning. It has, however, been a fubjed of difficulty 
to fome. Walmfly, a very acute mathematician, found from 
the fame data as in the 2 Con 45 Prop, a double motion of the 
apfides, and therefore confonant to the motion of the lunar apogee.. 
He even has been followed by the ingenious Frifius, who, cor- 
reding, as he imagined, fome defeds in Walmfly's folution, found 
the fame refult as Walmfly. From which it would follow, that the 
mean motion of the lunar apogee could be found from the confide-- 
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ration of a centripetal force, varying in a coijapounded ratio of the 
diftance, and confequently that the 2d Cor. of the 45th Propofition 
of the I ft Book of the Principia is erroneous. The common error 
in the folutions of Walmfly and Frilius is. hereafter pointed out. 

The examples of the method here ufed are given in the 2d and 
3d propofxtions. The ift propofition proves, that an orbit, hav- 
ing two apfides, and defcribed by a body impelled by a force vary- 
ing inverfely as the fquare of the diftance, is an ellipfe. This fo- 
lution is probably more dired than any other of the fame propofi- 
tion, and has a connedion with what follows. The feries in the 
2d and 3d propofitions are not continued beyond the 2d and 3d 
powers of the excentricity. This was fufficient for the motion 
of the apfides, and there can be no difficulty in continuing the 
terms. 

It feems hardly necefiTary to obferve, that when the force varies 
as any funflion of the diftance, an orbit can have only two diffe- 
rent diftances of the apfides from the centre, becaufe it muft be 
fimilar on each fide of the apfid. The law or the force alfo readily 
Ihews, whether any orbit defcribed by that law can have two 
apfides, by comparing it with the law of the centrifugal force, 
which always varies in the inverfc triplicate ratio of the diftance. 
Therefore if the force varies in any dir^d ratio, or any inverfe 
ratio lefs than the triplicate, the orbits defcribed may have two 
apfides. 

Prop. 
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Prop, i. The centripetal force varying inverfely as the 
fquare of the diftancc to determine the orbit when it has two 
apfids. 

Solution. Let the greateft diftance S A=: i ■i-e 
and the leaft diftance S B = i — e. Any diflance 
S P = A?, the perp. S Y let fall on the tang. = p, the Pj 
angle ASP=:^, and the diftance S Z from which ^ 
a body adcd upon by the centripetal force muft 
fall to acquire the velocity at A = z. 

Then (Cor, i. Prop. i. Sed. i. and Cor. 2. 40 Prop. 8 Sedl. 
I Lib. Newtoni Prin.) 

M^' • ^^' - 7=7 " 1 • Tji; "" T ^hence2= 2 

I I I I X 




and ••• /- I +^) : : — T * IT ~" T°'^'= 2"=^"^ '""^ 

SPXSY -^ ; 

Now:,=ASP= pYxSP X 






■''"- X (x^2^^ II7\ ^ ^'f^ — I 



For finding the 



V5- 



X 



I I A ' __ 

fluent of this fluxion let v = j3p — - ana « _ 




whence 
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Whence a ~ the arc, the cofine of which is — X i — €'■ and rad. 

e 

I i-^— f* 

unity = the arc, the cofine of which is — — . This fluent 

e ex 

requires no correflion, becaufe when a~o^ — X i ^» _ j. ^^^ 



, which is the well 



1 I— f* I— £* 

becaufe cs, a — — " — ■ — — > ••• » — 

e ex I — ecs^a 

known equation of the ellipfe, in which x is the diftance from 

the focus and a the true anomaly Q,E I. 

For the fubfcqucnt propofitions it is ncccfliuy lo folvc the 
following problem : 



Problem. Let the greateft diftance S A from 
the focus S of the ellipfe A P B = i _f. f , the leafl; 
diftance S B — i — <?, any other diftance S P = i ^y, 
and the angle ASP z= a, it is required to ex- 
prefs the different integral powers of _y by a feries 
of cofines of multiple arcs and powers of the ex- 
centricity. 




Solution. The equation of the ellipfe gives 

cs, a — e 



I +^'=7: 



y — tX 



1 — e csy a 



or 
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now 



I ^ <r ex, (7 + tf* cj-', a +e^ cs\ a -\. &c- 



I — ecs,a 
'•y= — e'+ e — e' cj, fl + e* a», tf -}- e' «', /i -f. &c. :± 

(■'■ g gi J J 

— — + cx, a -{ tf«cx, 2^+ -^-i cs. xa Jf &c. This ferics 

might be continued ad libitum from the relation of the terms to 
each other, which relation may be found by a method well 
known, but the above is fufEcient for the prefent purpofe. Hence 

y — — — — cs a < — <rx 2 ^ -J ^J" 3 <^ occ. 

2 2 2 ' 2 

ji z= -5- ^5 fj, ^ -j e' CS ^a &c 

8 4 

&c. &c. 



Prop. 2. The centripetal force varying partly in the 
duplicate ratio, and partly in the dired fimple ratio of the 
to determine the orbit defcribed, when that orbit has two 
(Newtoni Prin. ScOl. 9. Prop. 4§.Cor. 2.) 

Solution. Let, as before, the great- 
eft diftance S A = i + <r, the leaft dift. 
SB=i— tf, the angle ASP = A, the 
diftance SP=*, the perp.SY=.^, and let the 



inverfc 
diftance 
apfides. 



force at P be expreffed bj- 



-ex. 



Let 



X 



alfo S Z be the height from which a body 
m'uft fall to acquire the velocity at A. 
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Then {39 and 40 Prop. i. Lib. Prin.) 1 , _L ^ ^ ?I? 

X % 2 

may exprefs the fquare of the velocity at any point P .-. (i Cor. 
I Prop. I Lib.) 



Ill 



Whence — — — <•»'= — ex TT'aT* 



Z 



Conrcqucntly — — — - < x " 1 ie* *•* : — 



— <^X 2 + 2 (?* — '1+?" ' H^* :/" 
2 

«* 2 «■ — ^* — C X'xZ + 2 €i — X"" 

or — = _ — 

pi I € ex I £^l* 

Aad .-. A : 



X 



X X^ x\ 2 X — X'' — C Jf ' X 2 + 2 g' ^' ^ ^ 



Th» fluent of this quantity may be approximated by help of 
an ellipfe, the greateft and leaft' focal diftances of which are 
i+ff and I — f, and a the angle included between the greateft 

£ e difiance 



[ 222 ] 

diftance i+e and any diflance x. In this cllipfe (fee the pre- 
ceding prop.) a =. 



x"^ 2 X — x' 



I— c* 






\ I— fx * "^ " r _^'^.-. -— ,-l__L'J . Now becaufe two 

roots of the equation P = o, viz. i + e and i — e are the roots of 
the equation Q,= o, it follows that Q^ muft be a divifor of Pj 

accordingly we find ^-^-^,;' —e'~J~^^—e\ putting i^y-» 
Hence 



1/ I — 4-c+ce ) 



^c-\-ce I 



garding only the 2d power of the eccentricity^ which is fufii- 
cient for the purpofe for which the propofition was defigned. 
Next fubftituting for ^, y, &c. the values found, in the preceding 
problem, and taking the fluent, we have 



r^ -J --ces.a^^ cos, 2a 

^- e» c» + i-£* c* s, 2a 

4 .4 ^ &c. - 

i^ — 4 c-^ ce^\* 

where 
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where a is an arc the cofine of which is lZl^I_rad.being_i. 

e ex 

Hence for every dift. S P we have the angle ASP, and confe- 
quentljr the orbit is determined. When the body comes to the 

lower apfid, ^=180 .-, the angle between the apfides =: 180 

^'-' 'x — -^^ + i'"' , , &c. 

1— +f+ce2 4.1 — \c^exc 4.1—47+7^* 

The limit of this quantity is 180 J-ilTf^ (2 Cor. 45 Prop.) 

This propofition is applicable to the lunar orbit. TIjc 
limit of the rcfult is the fame as found by Sir Ifaac New- 
ton. Some authors have conceived Newton's conclufion er- 
roneous, and with the fame law of force have found the mo- 
tion of the apfides twice a;S great. Walmfly, particularly, has 
imagined, that the principles of the 9th fe£lion give tha true 
angle between the apfides only when the force varies accord- 
ing to a fimple law of the diftance. In his trad;, " De 
" Inaequal. Lunae," he finds the motion of the apfides, by comput- 
ing the time a body takes in acceding towards the centre a fpace 
eqtial to twice the excentricity, when impelled by a force 
which is the difference of the centrifugal and centripetal forces. 
This time he compares with half the periodic time, and thence 

E 2 deduces 
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deduces the motion of the apficies to hs twice as great as 
by the principles of the 9th fection. Friflus, obferving that 
Walrafly in his method had omitted the difturbing tangen- 
tial force as of no efFe£t in its mean quantity, endeavours 
to correct his folution by ufing the mean velocity of the moon in 
odants, and her mean periodic time as affeded by the tangential 
force. He then finds the refult the fame as Walmfly. But upon 
examining his method, it will be feen it does not differ effen- 
tially from Walmfly's. Increafing the velocity, and decreafing the 
periodic time, does not affect the angle between the apfides. The 
motions of the apfides in orbits little excentric, as the above and 
next propofition fiiew, almofl entirely depend upon the variation 
of centripetal force. The variation of the force in Walmfly's and 
Frifius's methods will, upon examination, be found to be precifely 
the fame as Newton's, and therefore the motion of the apfides 
ought to be the fame. The errors in the procefles of Walmfly and 
Frifius are exadly alike. The fpace ufed by them for finding the 
tirrie is only an approximation to the excentricity. At the end of 
the fpace the velocity is evanefcent, and from that cit-cumftance 
the fluent of the fluxional expreflion of the time muft be er- 
roneous. 

Taking ^=^,05 5, as in the lunar orbit, the angle between the 
apfides will differ about 4 feconds from the limit, eonfequently 

the 
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the error in the mean motion of the apfides of the lunar orbit, by 
neglecting the excentricity, is only 8 feconds in a revolution. 

In the lunar orbit referred to the ecliptic, the perturbing force 
in the diredion of the radius vedor is expreffed by a function of 
that radius vedor, and of the angular diftance of the moon from the 
fun ; and the perturbing force in ^ diredion perp. to the radius 
vedor, is expreffed by another fundion of the fame quantities. 
The former force in its mean quantity is expreffed by a fundion 
of the radius vedor only. The mean quantity of the latter = 0. It 
has therefore been often imagined, that the mean motion of the 
lunar apogee might be inveftigated,by confiderihg the moon aded up- 
on by a centripetal force, expreffed by a fundion of the diftance only.. 
The arguments for this opinion are certainly plaufible, but have by 
no means the weight of demonftration. The refultfhews, thatfuch 
an opinion I'efts upon no folid foundation. It does not appear to 
be- poffible to invefligate the mean motion of the lunar apfides, ex- 
cept from the general exprcffions of the forces in, diredion of the 
radius vedor and in the diiedion perp. thereto. 

Prop. 
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Prop. 3. The centripetal varying as the n — i power of the 
Pittance to determine the orbit defcribed when it has two 
apHdcs. 



Solution. Let SA = i +tf and SB = 
I — e. Any difiance S P = ;v, S Y z=p and 
the L AS P = A. Let alfo Z A be the 
fpace thro' which a body muft fall to 
acquire the velocity at A, and let Z S = « 



Then (40 Prop. Cor. 2. and i Prop. Cor. i. Prin, Newtoni) 

z» — T+? " : z" — i^^^^" :: i — e * : TTj!? » 

or pompon, z* — 14^^° : iufT)^— -iT^," :: i — e,^ : Tf?* — i — i* 




Whence z^ = i .''+»-i->f^ ^ »_^ ^ n + z.n+x.n ^, ^ 



4<? a 

»-H2.«+i.».«— T.«— 2 ^, ^^^ 

2.2.3.4. 5. 

and becaufe 5;° — it" : 2" — T^ " :: 7+?'* :p* 



2.2. 3 



wc 
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we have A 



xf, 



xt 






ft' Z" X» X n+a 



-I 



For finding the fluent of this fluxion we may ufe the ellipfe as 
in the lafl prop. 

I. I 



and A : a :: 



f^Z^ Xl X" '-« 






2 X — X* 



I — e' 



or 



A = ar. . ^ . "^ — I, — 1«) X ^ ii ' " •' — ju ii — = ^ 



W) 



X» 2 X+ 1 — ^» 

Now I + ^ and i — e arp values of x in the equation P = o, and 
the fame quantities are the values of x in the equation Q,- o .♦. Q, 
muft be a divifor of P whatever be the value of n. To accom- 
plifli this divifion le; x = i +jt 



and then P = 



—Z'x I y\t + i+j n+2 T_ 



— 5f« X 2 J' — ie — z» xy*~'* + « 4- 2.y — ^ + 



K+2.A + I 



y^—e' +. 
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1.2 2.3 ^ •'^ 

«+2«i r.M.w — I — ; — :: «4-2 — « — 2- — - 
1.3:4 ^ ""^ + — 2.345 -'''— ^> + &c. each term 

of this quantity is divifiblr by y* — <r» — Q, becaufe y^m — gim (« 
being a whole number) is always divlfible by j^» — e* 

• a " +~r^ ' ~^3 -^ ^ — 2.1.4 — ^'+^^+ 

«-f 2 - -« — 2 , , «4.2 » — -2 



"+^•^ ,,.1-4- ^+^-"~3.2 , «4-I.»— 1. »— 2.«— o . ;?.! 
X • * T ■ — '■ T ■ ^ 4. r M\ 

i-a 3 4 3 4.) 6. 3 -^^ 



3-4 34.5 ^ 3.4..50 



^*^° "IT "^ ¥ ^ ' '~^^^^— ^* ^^- ^^ ^s evident from the 

p 

procefs for ihe values of R and _. that only the even powers of 

the eccentricity can enter into thofe values. 

SDbftituting 
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Subftituting thefe values, A = a\ — ^ = 



\j>+rt] 3-4 ^ 3 3-4 3-4S 2-3-3 

v»+2 *-3-4 2-3 3-4 3.4.4. f ^"+'^'"-4i 

='-3-4.5 r "+'^«-5 ( 

— y-"+^l I 3.4.4 1 

3.4.4.9 y / 

Next fubftituting forj',^.,^,, &c their values found in the fore- 
going problem, and taking the fluent we h.ivc 



A= -f _ X : . + !±i X : ^' *'-«, a-{- »7f±i:_"l2 i ~ — ' '"+ 

l'n+2 2.3 4 8.8 / a-4 



J5-4__ 
il'«— i-n— 2 



4.J.8 



«^- 1 . n — I 

— — "^ > tf' J, 'XOs &coi vphere a is an 3rc, the cofihe of 

n^i . n— 2f ^ * 

~" 3-4-4"5 

which is -^ rr!f_ and rad. i. This is the general equation 

e ex 

for any diftance and angle. When the body arrives at the lower 
Vol. VIIL If apfid. 
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o 



apfid, <?= 180 ands,a;s,2a &c. =0... the angle between the 

apfides = 

o -^ — — ■ — 
'^Q X I + ^L±—Ji L £-2 , &c. in which only the even 

powersof the eccentricity can enter. It is evident from this ex- 
preffion that the motion of the apfides will be always affected by 
the eccentricity of the orbit, imlefs either » + i = or n — '2=0 or 
that the force varies either in the inverfe duplicate ratio of the 
diflance or in the diredt limple ratio. We know from other 
principles that in thefe two laws the eccentricity does riot affect 
the angle between the apfides, but it is a very remarkable cir- 
cumftance that this takes place for no other law. 

The above propofitions point out how the orbit may be 
found whatever be the fundion of the diftance exprefllng the 
centripetal force. . For z will be always found a fun<Slion of f, 

and therefore/ will always be a function of x and ^, confequently 

x^ 

— — I will be a fundion of x and <?, or fubftituting for a?, i-f-j*, 

x^ 

1 will be a fundion o£ y and e. And two roots of the 

equation 
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equation ^i^lf -f i = o are ±e ..•J'* — <?* wiW be always a di- 

^* 

vifor of ^^ I or ^-^y — i. Whence in everv cafe we may 

p- p. ' ' 

proceed as above and fhall always have the equation of the orbit 

in a feries of fines of multiple arcs converging by the powers 

of the excentricity. 
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